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Abstract
Starobinsky has suggested an inflation model which is obtained from
the vacuum Einstein’s equations modified by the one-loop corrections due
to quantized matter fields. Although the one-loop gravitational action is
not known for a general FRW background, it can be obtained in a de Sitter
space to give M2pR+αR
2+βR2 ln(R/M2). Thus, one needs to investigate the
inflationary behavior of this model compared to the Starobinsky model (i.e.
β = 0). The coefficient α can be changed by varying the renormalization
scale M2 and β is obtained from the quantum anomaly which is related
to the numbers of quantum fields. It has been assumed that α  β. We
investigate the viable values of α and β based on the CMB observation. We
also scrutinize the reheating process in this model.
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2
1 Introduction
In semi-classical gravity, one treats the background as classical, but with
taking the back-reaction of the matter into account. In a curved space-time,
even in the absence of classical matter or radiation, quantum fluctuations
of matter fields give nontrivial contribution to the expectation value of the
energy-momentum tensor being quantized in some state [1, 2, 3, 4, 5].
Rµν −
1
2
gµνR = 8piG〈Tˆµν 〉 , (1)
where 〈Tˆµν 〉 includes∞4,∞2, and ln∞ divergences. The first and the second
divergences can be eliminated by the renormalization of the cosmological
constant and the Newtonian coupling constant, respectively. However, the
logarithmic divergence can be eliminated only if one introduces an additional
Lagrangian density of the form
√−g (c1R2 + c2RµνRµν) [6].
Among these quantum corrections to general relativity, if one includes
only the quadratic terms in the Riemann tensors, then these terms are ex-
pressed as [7]
αR2 + βRµνR
µν + γRµνλσR
µνλσ = R2 + ξCµνλσC
µνλσ + ηχE , (2)
where C is the Weyl tensor and χE is the density of the Euler number for
the manifold. If one considers the Robertson-Walker metric, then C2-term
vanishes because the metric is conformally flat. Thus, Starobinsky includes
the curvature-squared correction to the Einstein-Hilbert action and this term
is important for the early universe [8]. At the early universe (i.e. when
the curvatures are large), the curvature squared term is dominant than the
Ricci scalar term and this correction term leads to an effective cosmological
constant. Therefore, the early universe went through an inflationary de Sitter
era without introducing an inflaton field.
These quantum corrections take a simple form in the case of free, mass-
less, conformally invariant fields. The contributions which all fields make to
the geometrical part of the vacuum to vacuum amplitude. These contribu-
tions originate in the vacuum polarization, which the background geometry
induces, and give rise to nonobservable renormalizations as well as physically
real radiative corrections [9]
Lvp = βR2 ln
(
R
M2
)
. (3)
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Thus, when one regards the origin of the Starobinsky model which includes
a quadratic Ricci scalar term in addition to the Hilbert-Einstein action, it
is also natural to include the terms quadratic and logarithmic in the Ricci
scalar. There have been investigation of the f(R)-gravity including the log-
arithmic correction for several aspects. The viable f(R)-gravity models re-
placing the dark energy have been considered [10, 11, 12, 13, 14, 15, 16, 17].
The logarithmic f(R) models are also considered to investigate the relativis-
tic stars [18]. Applying the logarithmic f(R)-gravity models for the early
inflation have been scrutinized [21, 22, 23, 24, 25, 26, 27].
Any regular model Universe must be non-singular for an infinitesimal
perturbation of the metric
Lreg = −M
2
6
(
R
M2
)n
. (4)
The possible regular solutions of the gravitational equations in the presence
of a nonlinear increment of the four curvature to the Lagrangian density of
the gravitational field can be written as [30]
SBGS =
M2p
16pi
∫ √−g d4x(R+M2fc [ R
M2
])
, (5)
where fc(R/M
2) is a certain dimensionless function of the scalar curvature
and M is the characteristic mass. This work is motivated to obtain the
bouncing Universe at τ = at = 0.
As the minimal extension of the Starobinsky model, the one with the
logarithmic correction term is given by [19, 20, 21, 22, 23]
S =
M2p
2
∫ √−g d4x(R+ α˜R2 + β˜R2 lnR)
=
M2p
2
∫ √−g d4xR(1 + α R
M2
+ β
R
M2
ln
R
M2
)
, (6)
where α = α˜ + 2β˜ lnM and β = β˜. This action is also naturally obtained
when one considers the small correction in the Starobinsky model R+αR2 +
R2+γ with γ  1 as shown in [26]. The inflationary behavior of this action
was nicely investigated analytically by using the approximation [23]. We
improve the previous work numerically without using any approximation.
We also investigate the reheating process in this model. Similar forms of the
logarithmic model based on the stability and the viability of observation are
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also considered [27, 28]. Constraints on the model parameters given in this
model should be obtained from the CMB observation [29].
Higgs Starobinsky inflation models have been investigated to solve the
large Higgs values in the early universe[31, 32, 33, 34, 35, 36, 37, 38]. In these
models, non-minimal coupling of the Higgs field to the Ricci scalar induces
the large quantum corrections. These approaches might explain both the
dark matter and the inflation.
In the usual inflation models, soon after the end of the inflation, the
inflaton fields begin to oscillate around the minimum of their effective po-
tentials, producing particles, which interact with each other to reach the
thermal equilibrium at the reheating temperature, Trh [39]. The reheating
dynamics after the inflation induced by Starobinsky model have been inves-
tigated both in Einstein frame and in Jordan frame [40, 41, 42, 43].
The layout of this manuscript proceeds as follows. In the next section,
we briefly review the equation of motions of the R+αR2 +βR2 lnR inflation
model both in Jordan frame and in Einstein frame. One needs to be careful
when β is negative. The approximate analysis of the inflationary behaviors
was investigated in the reference [23]. We scrutinize the exact inflation in
this model for the different values of α and β to be consistent with the Planck
results. We investigate the oscillatory epoch and the reheating period of this
model in section 3. Finally, we conclude in section 4.
2 f(R) Inflation
f(R) inflation models are conventionally analyzed in the Einstein frame after
the conformal transformation of the original action in the Jordan frame. In
this section, we briefly review this process and provide the analytic relations
formulae between the general form of f(R) and the cosmological parameters
obtained from the observations. We also investigate the specific form of f(R)
model obtained from the quantum correction of the matter to constrain its
parameters.
2.1 General formalism
The action for the general f(R)-gravity theories in 4 dimensional space-time
can be rewritten as
S ≡ 1
16piG
∫ √−g d4xf(R) ≡ M2p
2
∫ √−g d4xM2f¯(y) , (7)
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where Mp is the reduced Planck mass, M is the characteristic mass scale,
y = R/M2 is the normalized dimensionless variable, and f¯ is a dimensionless
function. The above Jordan frame (JF) action is conformally transformed
into the Einstein frame (EF) action by doing the Weyl transformation of
the metric and the field redefinition
SE =
∫ √
−gE d4x
(
M2p
2
RE − 1
2
∂µφ∂µφ− V (φ)
)
, (8)
where g(E)µν ≡
∂f
∂R
gµν , (9)
φ ≡ Mpφ¯ =
√
3
2
Mp ln
[
∂f
∂R
]
=
√
3
2
Mp ln
[
∂f¯
∂y
]
≡
√
3
2
Mp ln f¯,y (y) ,
(10)
V (φ) ≡ M
2
p
2
R (∂f/∂R)− f
(∂f/∂R)2
=
M2pM
2
2
yf¯,y − f¯
f¯2,y
. (11)
The potential of the inflaton field, φ is obtained from the specific form of
f(R) from the theory. Thus, one can analyze the usual inflationary behavior
of this model in the EF.
One can obtain the slow-roll parameters as a function of f¯ by using the
Eq.(11)
V ≡
M2p
2
(
V,φ
V
)2
=
(−2f¯ + yf¯,y)2
3
(
f¯ − yf¯,y
)2 , (12)
ηV ≡ M2p
V,φ φ
V
= −2
(
f¯2,y − 4f¯ f¯,yy + yf¯,yf¯,yy
)
3
(
f¯ − yf¯,y
)
f¯,yy
, (13)
ξ2V ≡ 2M4p
V,φV,φφφ
V 2
=
8
(
2f¯ − yf¯,y
) (
3f¯2,yf¯
2
,yy − 8f¯ f¯3,yy + yf¯,yf¯3,yy + f¯3,yf¯,yyy
)
9
(
f¯ − yf¯,y
)2
f¯3,yy
,
(14)
where V,φ means the derivative of V with respect to the inflaton field, φ.
The second expressions in Eqs.(12)-(14) are described by the dimensionless
quantities and one can use these formulae without any mistake in units.
The scalar spectral index ns, the tensor-to-scalar ratio r, the running of
the spectral index dns/d ln k and the scalar primordial amplitude As are
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obtained from the above slow-roll parameters
ns = 1− 6V + 2ηV , (15)
r = 16V , (16)
dns
d ln k
= 16VηV − 242V − 2ξ2V , (17)
As =
32
75M4p
V
V
. (18)
Thus, if one solves the evolution of f(R), then one can obtain the model
predictions for the inflationary evolution. In order to obtain the numerical
analysis for these predictions, one needs to solve the field equation obtained
from Eq.(8)
φ¨+ 3Hφ˙+ V,φ = 0 , (19)
where dot denotes the derivative with respect to the time, t. If one adopts
the normalized field definition Mpφ¯ = φ and changes variable from t to the
e-folding number N = ln a, then the above field equation becomes
φ¯′′ +
(
6− φ¯′2
) φ¯′
2
+
(
6− φ¯′2
) V,φ¯
2V
= 0 . (20)
The evolution of the given f(R) as a function of N is obtained when one
inserts Eqs.(10)-(11) into the Eq.(20). We investigate the specific model of
f(R) in the following subsection.
2.2 R + α R
2
M2
+ β R
2
M2
ln R
M2
model
As we mentioned in the introduction, the one loop corrections involving the
matter fields in the curved space-time generally provide the correction terms
with the quadratic and logarithmic in the Ricci scalar [6, 9]. This action is
given in Eq.(6), one can rewrite this as
S =
M2p
2
∫ √−g d4xR(1 + α R
M2
+ β
R
M2
ln
R
M2
)
≡ M
2
p
2
∫ √−g d4xM2f¯(y)
=
M
2
pM
2
2
∫ √−g d4x y (1 + αy + βy ln y) , (21)
where M is the characteristic mass scale can be tuned in order to obtain
the proper inflationary behavior, y = R/M2 is the normalized dimensionless
variable (curvature), and f¯ is a dimensionless function. For the given f(R),
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one can obtain the analytic form of the Ricci scalar, and the scalar potential,
V (φ) as nicely shown in the reference [23]
R =
e
√
2
3
φ¯ − 1
2βWk(X)
=
f¯,y − 1
2βWk(X)
, (22)
X ≡ e
(2α+β)/2β
2β
(
e
√
2
3
φ¯ − 1
)
=
e(2α+β)/2β
2β
(
f¯,y − 1
)
, (23)
V (φ¯) =
(
1− e−
√
2
3
φ¯
)2 1 + 2Wk(X)
16βWk(X)2
=
(
1− f¯,y
f¯,y
)2
1 + 2Wk(X)
16βWk(X)2
, (24)
where Wk is the ProductLog (Lambert function) of branch k = 0 for the
positive value of β and k = −1 for the negative one. Even though there
exist these exact analytic solutions, the numerical results for the dynamics
of the system are more clear than the analytic ones due to the complexity
of the Lambert function. Thus, we numerically solve the evolutions of the
inflaton field. The behaviors of the inflaton potential for the different values
of β are shown in the Fig.1. M = 6 × 1012 GeV is used in this figure. The
solid, dotted, and dashed lines depict the evolution of the inflaton potential
when β = 0,−0.02, and 0.02, respectively. The requirement for the attractive
gravity and ghost free graviton is given by ∂f/∂R (∂f¯/∂y) > 0. In order to
avoid a curvature singularity and Dolgov-Kaasaki instability, one also needs
the condition ∂2f/∂R2 (∂2f¯/∂y2) > 0 [40]. These conditions provide the
upper bound on the values of β for the given value of α at each R. Thus, for
the negative value of β, the model has the upper bound on the φ (i.e. UV
incomplete). When β = 0, the model is identical to the Starobinsky model
and show the plateau region to have the enough number of e-foldings. When
the β is positive, the potential becomes unstable with a runaway direction
for the large values of φ. In this case, the hilltop type model is realized when
φ rolls towards the origin and β value will be constrained in order to get the
enough e-folding number.
The detail evolution of the inflation model given in the action Eq.(21)
is investigated for the different values of coupling constant β. These results
are obtained from Eqs.(10), (11), and (20). We use M = 6× 1012 GeV and
α = 1. In order to obtain the enough number of e-foldings, one needs to
tune the initial values of the scalar field, φ¯i. For an illustration, we show a
typical evolutionary behavior of φ and V (φ) in Fig.2. In this figure, β = 0
and N-efolings are fixed at 60. In this model, φ¯i is chosen to be 41.36 in
order to obtain Ne-folding = 60 (i.e. (N = 60) = 1). In this case, the scalar
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Figure 1: The form of potential for the different values of β. The solid,
dotted, and dashed lines correspond β = 0,−0.02, and 0.02, respectively.
The negative value of β has a UV incomplete and the positive one has the
runaway behavior.
field slowly rolls down through the flat plateau region and reaches to the
minimum to oscillate. The oscillatory behavior of the φ¯ is shown in the left
panel of the Fig.2 and the slow-roll behaviors is represented on the right
panel of the Fig.2.
In tables.1 and 2, we summarize the values of the cosmological param-
eters obtained from the different values of β when we fix the number of
e-foldings. In table.1, we choose the e-folding number as 60 and vary the
value of β from -0.02 to 0.05. This range of β provides the allowed regions
for the cosmological parameters given in the reference [29]. The smaller the
values of β, the steeper the potential in the slow-roll plateau. Thus, one
needs the larger initial field values for the smaller values of β to obtain
the same value of the e-folding number. The φ¯i varies from 75.2 to 16.4
for −0.02 ≤ β ≤ 0.05. One of slow-roll parameters, V decreases as β in-
creases. However, as β decreases, so does the other slow-roll parameter, ηV.
The scalar spectral index, ns decreases as β decreases. ns varies from 0.98
to 0.93 in the given range of β. The tensor-to-scalar ratio decreases from
7.4× 10−3 to 4.4× 10−4 when β changes from -0.02 to 0.05. The magnitude
of the running of the spectral index is maximum around Starobinsky model.
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Figure 2: The evolutions of φ and V (φ) during the inflation when β = 0 to
obtain Ne-folindg = 60. left) The evolution of the inflaton field as a function
of the number of e-foldings. right) The behavior of the inflaton potential.
Table 1: These are the cosmological parameters predicted from the models
when one chooses Ne-foldings = 60.
β
α(10
−3) φ¯i ns
r V ηV dns
d ln k (10
−4)
As
(10−3) (10−4) (10−4) (10−9)
−20 75.19 0.980 7.41 4.63 0.76 -5.22 0.78
−10 54.37 0.973 4.76 2.98 1.53 -5.45 1.14
−1 42.42 0.968 3.25 2.03 2.42 -5.51 1.61
0 41.36 0.967 3.12 1.95 2.54 -5.51 1.67
1 40.33 0.966 2.99 1.87 2.65 -5.51 1.73
10 32.70 0.960 2.07 1.29 3.79 -5.45 2.42
20 26.65 0.953 1.39 0.87 5.31 -5.30 3.48
50 16.43 0.932 0.44 0.28 11.4 -4.49 10.0
The amplitude of the scalar primordial curvature perturbation increases as
β increases.
The table.2 shows the viable cosmological parameters when the e-folding
number is 50. The φ¯i varies from 57.5 to 15.3 when β changes from -0.02 to
0.05. V decreases from 5.8 × 10−4 to 5.5 × 10−5 for the given range of β.
ηV increases from 1.33× 10−4 to 1.33× 10−3 for the same interval of β. The
scalar spectral index, ns decreases as β decreases. ns varies from 0.97 to 0.93
in the given range of β. The tensor-to-scalar ratio decreases from 9.2× 10−3
to 8.9 × 10−4 when β changes from -0.02 to 0.05. The magnitude of the
running of the spectral index is maximum around Starobinsky model. The
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Table 2: These are the cosmological parameters predicted from the models
for Ne-foldings = 50.
β
α(10
−3) φ¯i ns
r V ηV dns
d ln k (10
−4)
As
(10−3) (10−4) (10−4) (10−9)
−20 57.45 0.973 9.23 5.77 1.33 -7.67 0.62
−10 43.76 0.967 6.35 3.97 2.35 -7.88 0.85
−1 35.41 0.961 4.60 2.88 3.46 -7.95 1.13
0 34.64 0.960 4.44 2.78 3.60 -7.95 1.17
1 33.90 0.960 4.29 2.68 3.73 -7.95 1.20
10 28.27 0.954 3.15 1.97 5.08 -7.89 1.58
20 23.63 0.947 2.27 1.42 6.79 -7.73 2.13
50 15.31 0.927 0.89 0.55 13.3 -6.90 5.00
amplitude of the scalar primordial curvature perturbation increases from
6.2× 10−10 to 5.0× 10−9 as β increases.
Thus, even though the logarithmic corrections to the Starobinsky model
is natural if one accepts the fact that f(R)-gravity is originated from the
quantum corrections of the matter in the curved space-time, the correction
is strongly constrained in order to satisfy the observation. In semi-classical
theory, one can obtain the R2-term from the local action and R2 lnR-term
from the non-local action. The coupling constant α can be changed by vary-
ing the renormalization scale M , while the coefficient β is related to the
trace anomaly. β-value can be determined by the numbers of quantum fields
for the different spins. And usually α β is satisfied [21]. Thus, if one can
obtain the constrain of β accurately, then one might be able to obtain the
number of fields during the early universe. Even though,β should be less
than 1% compared to α, its effect on the cosmological parameters can be
distinguishable if the accuracies of observations reach to percentage level.
3 Reheating
The basic reheating process of the Universe at the end of the inflation is that
the oscillating inflaton fields produce radiations via the tree-level decay of
inflaton particles into relativistic species. Reheating is terminated when the
rate of expansion of the Universe becomes smaller than the total decay rate
of the inflaton field into new fields. Even though this perturbative reheating
process is not the full story, it is good enough to estimate the reheating
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epoch. Thus, we show the oscillatory epoch and reheating period based on
the given model. The reheating process and reheating temperature based on
the Starobinsky model have been investigated in the literature [40, 41, 42,
43]. We probe the reheating process for the R2 lnR-correction model and
investigate any difference compared to those of the Starobinsky model.
3.1 Oscillation
At the end of the inflation, the scalar fields reach to the minimum of the
potential and start to oscillate around it. In order to describe this period
properly, one needs to describe this epoch semi-analytically. The field equa-
tion of the general f(R)-gravity theories is obtained from the action (7)
f ′(R)Rµν −
1
2
f(R)gµν +
[
gµν −∇µ∇ν
]
f ′(R) =
1
M2p
Tµν , (25)
where prime means the derivatives with respect to R. For the homogeneous
and isotropic background, one can obtain two field equations from the above
Eq. (25)
R˙ = − f
′
f ′′
H +
1
6H
f ′R− f
f ′′
+
1
f ′′H
ρ
3M2p
, (26)
R¨ = −3HR˙− f
′′′
f ′′
R˙2 +
Rf ′ − 2f
3f ′′
+
1
f ′′
ρ− 3P
3M2p
, (27)
where ρ and P are the energy density and the pressure of some species,
respectively. If one adopts the specific form of f(R) given by Eq.(6), then
one obtains
R˙+
(
M2
2α+ 3β + 2β lnx
)
H +
(
2α+ β + 2β lnx
2α+ 3β + 2β lnx
)
HR
−
(
α+ β + β lnx
2α+ 3β + 2β lnx
)
R2
6H
=
(
M2
2α+ 3β + 2β lnx
)
ρ
3M
2
pH
, (28)
R¨+ 3HR˙+
(
2β
2α+ 3β + 2β lnx
)
R˙2
R
+
M2
3
(
1− βx
2α+ 3β + 2β lnx
)
R
=
(
M2
2α+ 3β + 2β lnx
)
ρ− 3P
3M
2
p
. (29)
One can use the relation between the Ricci scalar and the Hubble parameter,
R = 6
(
H˙ + 2H2
)
to investigate the evolution of H. Then, the equation (26)
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is rewritten as
H¨ −
(
α+ β + β lnx
2α+ 3β + 2β lnx
)
H˙2
H
+ 3HH˙ +
M2
6 (2α+ 3β + 2β lnx)
H
− 2β
2α+ 3β + 2β lnx
H3 =
(
M2
2α+ 3β + 2β lnx
)
ρ
3M
2
pH
. (30)
Now one can scrutinize the behaviors of R and H from Eqs.(28)-(30). First,
one can puts R˙ = 0 and ρ = 0 in the slow-roll region. Then one obtains
Ri ' 3bH2i
(
1 +
√
1 +
2c
3b2H2i
)
, (31)
where b ≡ 2α+ β + 2β lnx
α+ β + β lnx
, c ≡ M
2
α+ β + β lnx
. (32)
As one expects Ri ∼ 12H2i in this region, because b ∼ 2 when α β. Even
though H is almost constant, it decreases almost linearly in time with a
small slope. This can be obtained from Eq.(30)
H˙ ' − M
2
18 (2α+ 3β + 2β lnx)
+
2β
3 (2α+ 3β + 2β lnx)
H2
' − M
2
18 (2α+ 3β + 2β lnx)
, (33)
where we use the approximation β  1 in the second equality. In order to
obtain the finite period of inflation, (2α+ 3β + 2β lnx) should be positive.
One also obtains the Hubble parameter from the Eq.(33)
H(t) ' Hi − M
2
18 (2α+ 3β + 2β lnx)
(t− ti) . (34)
From this, one can estimate the expansion of the scale factor of the Universe
during this region
a(tend) ' ai exp
[
9 (2α+ 3β + 2β lnxi)H
2
i
M2
]
, (35)
where we use the fact that lnx is almost constant in this region. Thus, one
can constrain the M2 to satisfy the e-foling number for the given values
of α and β. We already do this numerically and do not need to probe any
detail in this section. Second, we consider the oscillation period. During the
slow-roll period,
∣∣∣12 H˙2H ∣∣∣  ∣∣∣3H˙H∣∣∣ is satisfied. However, the magnitudes of
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these two terms become comparable as H decreases and becomes small. And
oscillatory phase is followed with
∣∣∣3H˙H∣∣∣ ' 0.
H¨−
(
α+ β + β lnx
2α+ 3β + 2β lnx
)
H˙2
H
+
M2
6 (2α+ 3β + 2β lnx)
H+
2β
2α+ 3β + 2β lnx
H3 = 0 .
(36)
In order to obtain the oscillation period, H3-term should be negligible (i.e.
β ' 0). With this condition, the solution for Eq.(36) is given by
H(t) = c1 × cos
M2
6ω2 [ω(t− tosc)] ,
where ω =
M
√
α+ 2β + β lnx√
6(2α+ 3β + 2β lnx)
and tosc = 6c2 (2α+ 3β + 2β lnx) .
(37)
c1 and c2 are integral constants. tosc is the time when the oscillation period
begins with
∣∣∣12 H˙2H ∣∣∣ = ∣∣∣3H˙H∣∣∣. One can estimate the order of the frequency,
ω at this epoch. O(ω) = O(M/~) ∼ 1037 Hz. We point out the oscillatory
behavior before derive the approximate solution. The oscillation is powered
by M
2
6ω2
and thus it should be an integer. This means β ' 0. Also, the
oscillation should be damped and thus, one needs to replace c1 with some
function g(t) in Eq.(37). Now, one needs to specify the g(t) in the α  β
limit. For this we compare the H(t)s in both before and during the oscillation
region.
H(t) =

Hi − 2ω
2
3
(t− ti) = ω
3
(1− 2ω (t− tosc)) , ti < t ≤ tosc
cos2 [ω (t− tosc)](
15
2ω + 6(t− tosc)− 92ω cos[2ω(t− tosc)]
) , tosc ≤ t , (38)
where tosc = ti + (3/2ω
2)Hi − (1/2ω). We show the details to obtain these
solutions in the appendix. Thus, after the long inflationary plateau, H(t)
decreases linearly and reaches to the oscillation period. The approximate
solutions for the scale factor a are obtained from Hs in Eqs.(38)
a(t) =

aie
Hi(t−ti)−(ω2/3)(t−ti)2 , ti < t ≤ tosc
aosc
(
1 +
ω (t− tosc)
4
)2/3
, tosc ≤ t ,
(39)
where one can obtain the a(t) in the oscillatory phase by integrating the
H averaged over a few cycles. During the corresponding periods, the Ricci
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scalar evolves as
R(t) =

−4ω(ω − 1)− 8ω2 (t− ti) , ti < t ≤ tosc ,
−4ω cos [(t− tosc)ω]
(5 + 4ω (t− tosc)− 3 cos [2 (t− tosc)ω]) 2×((
−7 + (4− 8t+ 8tosc)ω
)
cos [(t− tosc)ω]
+3 cos [3 (t− tosc)ω] + 8ω
(
2 + (t− tosc)ω
)
sin[(t− tosc)ω]
)
, tosc ≤ t .
(40)
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Figure 3: The evolutions of H(t) and R(t) after inflation epoch when M =
6 × 1012 GeV and α = 1 . Oscillation period is followed after a linearly
decreasing period. left ) The evolution of H(t). right) The evolution of the
Ricci scalar.
We show the evolution of H and R in Fig.2. One should note that the
shape and size of the oscillatory phase depend only on the M and the α
because one should use α β in order to obtain the oscillatory behavior on
the Hubble parameter as shown in the above.
3.2 Reheating
The scalaron reaches to its minimum potential at φ = 0 (i.e. R = 0) and
starts to oscillate. These oscillations excite the fields and reheat the Universe.
To estimate the reheating, one can add the simple case of a scalar field χ to
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the original action in Eq.(7)
S ≡
∫
d4x
√−g
(
M
2
p
2
f (R) + Lχ + Lr
)
(41)
=
1
2
∫
d4x
√−g
(
M
2
pf (R)− gµν∂µχ∂νχ−m2χχ2
)
+ Sr ,
where Sr is the action of the radiation which is produced by the decay of
χ field after the inflation. In this scenario, we do not consider the coupling
between R and χ (i.e. no decay of the scalaron). One can use the same field
equation given in Eq.(25) by specifying the energy momentum tensor as
Tµν ≡ Tχµν + Trµν = ∂µχ∂νχ− gµνLχ + (ρr + Pr)UµUν + Prgµν , (42)
where Uµ is the four-velocity and ρr and Pr are the energy density and
pressure of the radiation, respectively. In the FRW metric, one obtains the
field equations for the χ and radiation,
χ¨+ 3Hχ˙+m2χχ = −Γχχ˙ , (43)
ρ˙r + 4Hρr = Γχχ˙
2 . (44)
Because one is interested in the oscillatory region in the background pro-
duced by the scalaron, the background evolutions are given by Eqs.(38)-(40).
It means that one can ignore any backreaction on the background evolutions
from χ and ρr during this period. Thus, one can solve the field equations
(43) and (44) both analytically and numerically. For this purpose, one can
rewrite these equations as a function of e-folding numbers, N
d2χ
dN2
+
(
3
2
+
Γχ
H (N)
)
dχ
dN
+
m2χ
H(N)2
χ = 0 , (45)
ρr
dN
+ 4ρr − ΓχH(N)
(
dχ
dN
)2
= 0 , (46)
where N ≡ ln
[
a
aosc
]
=
2
3
ln
[
1 +
ω (t− tosc)
4
]
, H(N) =
ω
6
e−
3
2
N . (47)
As can be seen in Eq.(46), ρr is created from the decaying of the χ field.
At the end of the inflation, Γ is typically much smaller than the Hubble pa-
rameter. Thus, at the beginning of the phase of the inflationary oscillations,
the energy loss into particles is negligible compared to the energy loss due
to the expansion of the space time. χ particle production becomes effective
only when the Hubble expansion rate decreases to a value comparable to Γ.
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Thus, ρr becomes the constant value of ΓχH(Nosc)(dχ/dN |N=Nosc)2 at the
not too long after the Universe has come into the oscillation phase. One can
define the end of the reheating when the 90% of the energy density of the χ
field is converted to that of the radiation (i.e. ρr = 9ρχ) where ρχ is given
by
ρχ =
1
2
(
H2
(
dχ
dN
)2
+m2χχ
2
)
=
H2M2
2
((
dχ¯
dN
)2
+
m2χ
H2
χ¯2
)
, (48)
where we define the dimensionless field variable χ¯ = χ/M . The energy den-
sity of the radiation at the temperature T is given by
ρr(N) =
g∗(N)pi2
30
T (N)4 , (49)
where g∗(N) is the number of relativistic species degrees of freedom and it
is around O(100) at an early epoch. From the definition of the reheating
epoch, one can obtain the reheating temperature
Trh =
(
9
50pi2
(
100
g∗
)
ρχ(Nrh)
)1/4
. (50)
The reheating temperature is determined by numerically solving Eqs.(43)
and(44). This depends on model parameters, α, β, M , Γχ, and mχ. We
demonstrate the evolutions of ρχ and ρr for the different models in Figs.4
and 5.
In the figure.4, we depict the evolutions of ρr and ρχ when mχ = M
and β = 10−2α. In the left panel of Fig.4, we choose the small decay rate,
Γ = 10−3mχ. In this case, it takes longer time (i.e. larger Nrh) to reheat
the Universe compared to the larger decay rate models. Thus, one obtains
the lower reheating, Trh = 2.3× 1010 GeV. In this model, the ρr reaches to
its maximum values at Nmax = 0.37 after the beginning of the oscillatory
epoch and terminates the reheating at Nrh = 3.77. In the right panel of the
figure.4, the decay rate is now 3mχ. Thus, reheating process becomes faster
and after ρr reaches its maximum at Nmax = 0.20, it becomes thermalized
at Nth = 0.31. In this model, the reheating temperature is higher than the
first model and becomes Trh = 9.1× 1010 GeV.
In the figure.5, the evolutions of ρr and ρχ are depicted for different
values of mχ with Γ = 3mχ and β = 10
−2α. In the left panel of Fig.5,
the large mass scalar field, mχ = 1.5M is chosen. In this case, the decay
process is more efficient than the smaller mass model and it takes less time
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Figure 4: The evolutions of ρr and ρχ during the oscillatory epoch and the
reheating epoch when mχ = M and β = 10
−2α. left) The reheating process
is slow because of the small value of the decay rate, Γ = 10−3mχ. right )
The reheating process is very efficient due to the large value of the decay
rate, Γ = 3mχ.
(i.e. Nrh) to reach both the maximum ρr and the reheating of the Universe
compared to the smaller mass of the scalar field models. Thus, one obtains
the higher reheating, Trh = 1.2 × 1011 GeV. In this model, the ρr reaches
to its maximum values at Nmax = 0.15 after the beginning of the oscillatory
epoch and terminates the reheating at Nrh = 0.21. In the right panel of the
figure.5, the mass of the scalar field, mχ = 0.5M . Thus, reheating process
becomes slower and after ρr reaches its maximum atNmax = 0.32, it becomes
thermalized at Nth = 0.64. In this model, the reheating temperature is lower
than the model of the left panel, Trh = 5.9× 1010 GeV.
We summarize the results in the table.3. As shown in the figures.4 and
5, the larger the decay rate, the earlier the reheating epoch. Thus, for the
same values of mχ and β, one obtains the higher reheating temperature
for the larger decay rate. Also, if mχ increases, so does the Trh due to the
increasing of efficiency of the decay of the scalar field. We are also interested
in the effect of the β on the reheating temperature in order to investigate
the possible constraint on its values from the reheating temperature. Even
though, there exists small deviations on the reheating temperatures for the
different values of β, the difference is less than 1 %.
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Figure 5: The evolutions of ρr and ρχ when Γ = 3mχ and β = 10
−2α.
left) The reheating temperature is higher due to the large scalar field mass,
mχ = 1.5M . right) The reheating happens later due to the small value of
scalar field mass, mχ = 0.5M .
4 Conclusions
We have investigated the general modification of the Starobinsky inflation
model by including the logarithmic correction in addition to the quadratic in
the Ricci scalar. We show that the values of coefficients α and β are strongly
constrained from the observation. The maximum value of the coefficient β is
about 1 % of that of the coefficient α in order to be satisfied with the CMB
results. β 6= 0 means the deviation of the model from the Starobinsky’s
one. When we vary the value of β from 0 to —0.02— (i.e. 2 % change in
Table 3: The reheating temperature for the different models when M =
6 × 1012 GeV. We assume that the reheating phase is obtained when ρχ
reaches to 90 % of the maximum ρr.
mχ Γ β
ρr (Nmax) Nmax
ρχ (Nrh) Nrh
Trh[
(GeV)4
] [
(GeV)4
]
[GeV]
M 10−3mχ
−10−2 1.33× 1044 0.37 1.49× 1043 3.77 2.28× 1010
10−2 1.30× 1044 0.37 1.48× 1043 3.77 2.28× 1010
M 3mχ 10
−2 3.33× 1046 0.20 3.70× 1045 0.31 9.06× 1010
1.5M 3mχ 10
−2 8.68× 1046 0.15 9.64× 1045 0.21 1.15× 1011
0.5M 3mχ 10
−2 5.98× 1045 0.32 6.64× 1044 0.64 5.90× 1010
19
β), the scalar spectral index is changed by 1% only. We also investigate
the reheating process in order to obtain any deviation from the Starobinsky
model. The changes in the reheating temperatures are less than 1 % when
we compare all the viable β values. Even though, the effects of the deviation
from the Starobinsky model on the known observational quantities are quite
small, one might still be able to confirm the models with upcoming more
accurate observations and (or) from other cosmological observables.
Appendix
In this appendix, we show the detail derivation of the damped oscillation
behavior given in the Eq.(37).
A Oscillation
If one uses the Eq.(10), then Eq.(20) is given by
(A.1)
One can obtain the approximate damped oscillation of the Hubble pa-
rameter by replacing c1 by function g(t) in the equation (37)
Hosc(t) ' g(t)× cos2 [ω (t− tosc)] , tosc ≤ t , (A.2)
where ω2 = M2/(24α). In order to obtain the proper damped oscillation,
the form of g(t) should be given by
g(t) =
(
c1(osc) + c2(osc) (t− tosc) + c3(osc) cos [2ω (t− tosc)]
)−1
, (A.3)
where ci(osc) are constant to be determined from the boundary values of
H(tosc) before and during the oscillation period. The boundary conditions
are given by
H(tosc) = Hi − 2
3
ω2 (tosc − ti) = Hosc (tosc) = 1
c1(osc) + c3(osc)
, (A.4)
H˙(tosc) = −2
3
ω2 = H˙osc (tosc) = −
c2(osc)(
c1(osc) + c3(osc)
)2 , (A.5)
H¨(tosc) = 0 = H¨osc (tosc) =
2
(
c22(osc) +
(
c23(osc) − c21(osc)
)
ω2
)
(
c1(osc) + c3(osc)
)3 , (A.6)
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From these equations.(A.4)-(A.6), one obtains
c1(osc) =
15
2ω
, c2(osc) = 6 , c3(osc) = −
9
2ω
. (A.7)
Thus, one obtains the analytic solution of H(t) during the oscillation period
as
Hosc(t) =
(
15
2ω
+ 6(t− tosc)− 9
2ω
cos[2ω(t− tosc)]
)−1
cos2 [ω (t− tosc)] .
(A.8)
energy density of the radiation
ρr(Nosc) ' ΓχH(Nosc)M2χ′ (Nosc)2 , (A.9)
ρχ(Nosc) ' H(Nosc)
2M2
2
(
χ¯′(Nosc)2 +
m2χ
H(Nosc)2
χ¯(Nosc)
2
)
, (A.10)
ρχ(Nrh) =
H(Nrh)
2M2
2
(
χ¯′(Nrh)2 +
m2χ
H(Nrh)2
χ¯(Nrh)
2
)
, (A.11)
ρr(Nrh) =
pi2
2
g∗T 4rh ≡ 9ρχ(Nrh) . (A.12)
Thus, one can obtain reheating temperature Trh as
Trh =
(
9
50pi2
(
100
g∗
)
ρχ(Nrh)
)1/4
. (A.13)
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